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Abstract 

If M is a compact or convex-cocompact negatively curved manifold, we 
associate to any Gibbs measure on T^M a quasi-invariant transverse 
measure for the horospherical foliation, and prove that this measure is 
uniquely determined by its Radon-Nikodym cocycle. (This extends the 
Bowen-Marcus unique ergodicity result for this foliation.) We shall also 
prove equidistribution properties for the leaves of the foliation w.r.t. these 
Gibbs measures. We use these results in the study of invaiant meausres 
for horospherical foliations on regular covers of M. 
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1 Introduction and statement of results 



Let M = r\A/ be a complete riemannian manifold with pinched negative curva- 
ture, with universal cover M and fundamental group T. Then the unit tangent 
bundle T^M of M carries the horospherical foliation W^", whose leaves are 
the unit vectors normal to horospheres and pointing outward. Passing to the 
quotient leads to a foHation VV"*" of T^M which is the strong unstable foHation 
of the geodesic flow of M. In this paper, we shall construct quasi-invariant 
measures for this foliation, and study their ergodic properties. 
Recall that for a compact manifold M, it was proved by Bowen and Marcus 
that the foliation W^" is uniquely ergodic: there exists, up to a multiplicative 
constant, a unique transverse measure for the foliation which is invariant under 
holonomy. Their proof used symbolic dynamics and showed that the transverse 
measure is induced by the Bowen-Margulis measure mP of T^M, which is also 
the measure of maximal entropy of the geodesic flow ||^ . 

In the last decade, it was realized that the measure could be constructed in a 
more geometrical way using the Patterson measure on the boundary at infinity 
of M ijl^. This construction allows to go beyond compact manifolds, and, 
for instance, Roblin was able to give a purely geometrical proof of the unique 
ergodicity of W^" for a convex-cocompact manifold, under the assumption that 
the geodesic flow is topologically mixing 

In a similar way, one can associate to a Holder function / : T^M ^ R a measure 
on T^M, which is the equilibrium state of / when M is compact or convex- 
cocompact, the Bowen-MarguHs measure to" corresponding to / = see e.g. 
[|6)||2^[^. We shall flrst see that this measure to^ induces a quasi-invariant 
transverse measure for the foliation W*". We use here the deflnition of a quasi- 
invariant measure of a foliation as introduced by Connes in ||^ in relation with 
the theory of C*-algebras associated to a foHation. First, we recall that a cocycle 
for a foliation is a map p defined on the set of pairs of points in the same leaf 
such that p{u, v) + p(v, w) — p{u, w), and that a transverse measure p = {pr} 
associates to any tranversal T to the foliation a Borel measure pr supported on 
T. Then p is said to be quasi-invariant if there exists a cocycle p such that for 
each holonomy map C between two transversals T and T', C*A^t is absolutely 
continuous with respect to p'rp with Radon-Nikodym derivative given by 

dC*PT ^^^^ ^ exp{p{x,Cx)). 
apT' 

Note that if p' = {p'rp} is equivalent to {pt} (i-e. there exists a Borel map 
ijj : T^M — > R such that, for all transversal T, dpriv) = exp dp'rp{v)), then 
the Radon-Nikodym cocycle p' of p' is cohomologous to p (there exists a Borel 
map R : T^M R, such that p{v, w) = p'{v, w) + R{v) - R{w)). 
Let us call two Holder functions / and /' equivalent if there exists a Holder 
map (f) : T^M — > R, differentiable in the direction of the geodesic flow, and a 
constant c such that / = f + c + X.cj), with X : TM TTM the geodesic 
spray. 
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Our starting point is the following Proposition: it provides a large family of 
cocycles which are Radon-Nikodym cocycles of quasi-invariant measures. 

Proposition 1 To each Holder map f : T^M ^ H is associated an explicit 
Holder cocycle for the foliation W*", and a transverse measure p^ = {m^}, 
which is quasi-invariant with cocycle . Moreover, the cohomology class of p^ 
and the equivalence class of depend only the equivalence class of [/] . 

For / = 0, the cocycle p° is trivial, and one recovers a transverse invariant 
measure /z". For compact or convex-cocompact manifolds, one knows that this 
measure is the unique invariant mesure of the foliation, and thus we are led to 
the following question: is the transverse measure /z^ the unique quasi-invariant 
measure with the given cocycle p^l 

In the sequel of this work, we will always make the following assumptions: 

Assumptions: The fundamental group T = 7ri(A/) is cocompact or convex- 
cocompact, and in the second case, the geodesic flow is topologically mixing on 
its nonwandering set. 

Under these assumptions, our main result is: 

Theorem 2 Let [p^] he a cohomology class of cocycles associated to a class 
[/] of Holder maps. Then for all p E [p^, there exists, up to a multiplicative 
constant, a unique transverse measure /i quasi-invariant with Radon-Nikodym 
cocycle p, and it is equivalent to jj,^ . 

When / = we recover the unique ergodicity of the foHation. Theorem ^ was 
already proved by Babillot-Ledrappier Q for a compact manifold using sym- 
bolic dynamics, but we give here a geometrical proof, which allows to prove 
further results as the equidistribution property of leaves of the foliation (see 
below Theorem ^) . 

Theorem || can be reinterpreted in terins of the action of the fundamental group 
r of M^on the boundary at infinity dM of M. Indeed the lifted foliation W"" 
of T^M admits a nice set of leaves: the space H of horospheres, which can be 
parametrized as dM x R. An invjiriant transverse measure for W*" lifts to an 
invariant transverse measure for W*" which is F- invariant, and thus induces 
in a canonical way a F-invariant measure on Ti.. In the case of quasi-invariant 
measures, such a correspondance can be made by chosing a global tranversal of 
W", and thus depends on this choice. Our construction is slightly different : 
we associate to each quasi-invariant transverse measure {p,^} a quasi-invariant 
measure on Ti. with the additional property that its Radon-Nikodym cocycle 

is in fact a cocycle for the action of F on dAI: for all (^, s) £ dM x R ~ Ti, and 

7eF, 

c^(7,(?,s)) = c/(7,0- 
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To avoid confusions, we will denote by [c^]n and [c''']gj^ the respective coho- 

mology classes of as a cocycle for the action of F on H and on dM^ 
A result of Ledrappier, [|2|, shows that any Holder cocycle c on dM can be 
written as c = c^, for a convenient Holder map / : T^M R. Thus we can 
reformulate Theorem || in the following way: 

Theorem 2 bis Let [c]-^ be the cohomology class on H of a Holder cocycle 
c on dM . There exists, up to a multiplicative constant, a unique class [/i] of 
T -quasi-invariant measures on 7i with respect to this class [c]h, and they are 
ergodic. 

This result leads to the question whether there exist cohomology classe^of co- 
cycles on H which do not contain cocycles arising from cocycles on dM, and 
if the F-quasi-invariant measures on H with such a cocycle can be characterized. 

In the case of a flow, the property of unique ergodicity impHes (and is even 
equivalent to) the equidistribution of all orbits to the unique invariant measure. 
In our set-up, we have no flow, so we have to consider more general means on 
leaves of the foliation. Then we shall see that the above implication is still true. 

Theorem 3 Let f : T^M H be a Holder map. There exists on each strong 
unstable horosphere a measure Ji^jj+ , and a distance du+ , such that for all 
non wandering vector u G T^M, the mean Mr^u on the ball B^{u,r) w.r.t. the 
measure converges weakly to the equilibrium state associated to f when 
r — > oo. 

We will also see that the equilibrium state is locally equivalent to the product 
P X J^i+ ■ 

In fact, we shall deduce this Theorem as a corollary of the more general Theo- 
rem ^ of equidistribution of sequences of sets (-En)neN on leaves which satisfy 
a certain growth property. 

As another application of the preceding results, we shall address the problem 
of determining the f -invariant measures on H, with f <F a normal subgroup of 
F. Babillot and Ledrappier proved in |^ that when F is cocompact, and F/f is 
isomorphic to Z'^, each cohomology class [a] of 1-forms on M, which vanishes on 
loops of F, induces a F-invariant measure on H, and that these measures are F- 
conservative and ergodic. However, it is still an open question to see whether the 
measures they constructed are the only f-invariant and ergodic measures on H. 
Here is a partial answer under an additional assumption: for a general normal 
subgroup F of a cocompact or convex-cocompact group F, these measures are 
the only possible F-quasi-invariant, F-invariant, and F-ergodic measures on Ti.. 

Theorem 4 Let F<iF be a normal subgroup. If a : TM 11 is a closed 1-form 
vanishing on the image ofT in i?i(Af, R), then the measure p." associated to the 
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Holder map a\T^M is T -invariant. Conversely, any T -invariant and T-ergodic 
measure v on H, which is quasi-invariant by T, is necessarily a measure of the 
form D — , with a a closed 1-form (vanishing onT). 

Note that in the general case r<ir, it is not clear whether the measures are 
F-ergodic; see |Q, ||2^ for cases where it is known and other references. 

The organization of the text is the following: in a first part, we introduce some 
notations and all the measures that we will study. In part ^, we prove the unicity 
results (Theorems || and ^ bis) . We deduce then of these results an equidistri- 
bution result for balls and for more general sets on horospheres (Theorem || and 
Theorem ^ . Finally, we prove Theorem ^ in part ||. 

It is a pleasure to thank Vadim Kaimanovich for his very careful reading, and 
many useful suggestions on a preliminary version of this work. Also, I would 
like to thank my supervisor Martine Babillot for her continuous and valuable 
guidance during the elaboration of this article, and Jean-Pierre Otal for several 
discussions. 

2 Notations, preliminaries 
2.1 Geometry 

Let M — T\M be a complete riemannian manifold with pinched negative sec- 
tional curvature, M its universal_^cover^and F its fundamental group. Then M 
canjpe compactified into M = M U dM, where dM is the boundary at infinity 
of M, i.e the set of equivalence classes of geodesic rays which stay at bounded 
distance one another. The group F acts on M by isometries, and on dM by 
homeomorphisms. The limit set A^oi F is the set of accumulation j)^oints of F 
in dM: A = rz\Fx, for any x e M. We denote by T^M (resp. T^M) the unit 
tangent bundle of M (resp. M), and by tt : T^M ^ M (resp^T^M ^ M) the 
canonical projection. We will use the distance d on M (and M) induced by the 
riemannian structure. ^ 

The geodesic flow <i> — ($*)teR (resp. <&) associates to a pair {t, v) eKx T^M 
(resp. R X T^M) the tangent vector <i>*w = Cv{t) at time t to the unique geodesic 
Cv of M such that c«(0) = v. 

By a theorem of Eberlein |Q, the nonwandering set fl C T^M of the geodesic 
flow $ is the set of vectors v such that any lift v to T^M has both endpoints 
c„(±(X)) in the limit set A. 

The group F is cocompact if M = T\M is compact, and then A — dAI, and 
O = T^M. It is convex-cocompact when fl is compact. In this work, we assume 
that F is cocompact or convex-cocompact, so fl will always be a compact set. We 
assume also that the geodesic flow is topologically mixing on its non-wandering 
set fi, which is equivalent to the nonarithmeticity of the length spectrum of M. 
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It is known to be true in the case of a surface, in the constant curvature case, 
and in some other cases (see Dal'bo, |[To|). 

A Holder cocycle an dM x M x M is^a Holder map c : DM x A? x M — > R such 
that for all ^ S dM, and x, y, z in M, c^{x, y) + c^{y, z) — cj(x, z). It is said to 
be F-invariant if it is invariant under the^dia^nal_action of F on dM x M x M. 
The Busemann cocycle is defined on dM x M x M by: 

Pd^,y) = lim - d{y,z) = "d{x,£,) - d{y,^y\ 

It is a continuous and F-invariant cocycle on dM xMxM. By abuse of notation, 
ii v,w are vectors on T^M with base points x and y on M, we will often note 
P^{v,w) in place of l3^{x,y). 

The space of oriented geodesies can be identified to^the jiouble boundaryjj.e. the 
set of pairs of distinct points (771,772) & d^M := dMxdM\{{^,£,),^ G dM}. The 
Busemann cocycle allows to give coordiriates on T^M in terms of this double 
boundary. More precisely, if a point o S M is fixed, the map defined by: 

V e T^M -> {v~,v+,(3y-{v,o)) e d^M xK 

is an homeomorphism. 

dM 




Figure 1: Coordinates on T^M 



On d'^M X R, the actions of the geodesic fiow and the group F commute and 
can be written in the following way: for any 7 G F, 

^{v^ , s) — {'-fv~ ,"/v^ ,s+Py-{o,j^^o)) and $*(w^,w+,s) = {v^,v^,s+t). 

Thus, the unit tangent bundle T^M identifies to the quotient T\{d'^M x R), 
and the non- wandering set to F\(A^ x R). 

A horosphere H C M centered at ^ is a level set of a function x — > l3^{x,y). 
These horospheres lift to T^M: if u G T^M^ and H is the horosphere centered at 
u~ and containing the base point 7r(u) G M of m, the strong unstable horosphere 
of u, denoted by H^{u) is the set of vectors v G T^M such that = W and 
7r(w) G H. It is also the set of vectors of T^M with base points in orthogonal 
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Figure 2: Horospheres 



to H and pointing outwards. Similarly, we denote by H^{u) the strong stable 
liorospliere of u. We denote by T^he space of horospheres. 
The homeomorphism T^Af ~ d'^M x R allows to identify a horosphere H^{u) 
with {u~} X 9M\{u~} X {s(m)}, and the space H of horospheres with dM x R. 
The group V acts on Ti. by 7(^, s) = (7^, s+/3g(o, 7~^o). Besides, the horospheres 
H~^{u) are exactly the strong unstable manifolds of the geodesic flow 

H+{u) = := {w G T^M, lim = 0}. 

t—*—oo 

Here, D is the distance on T^M induced by the Sasaki metric on TM. Similarly, 
the strong stable horospheres H~{u) equal the strong stable manifolds W^^{u). 
These strong unstable horospheres form a foliation W*" of T^M, called the horo- 
spherical foliation, or strong unstable foliation. A natural family of transversals 
to W™ is the family of weak stable manifolds: 

W'{v) = {w€ T^M,3C = Cu,>0,yt> 0, < C}. 

Viewed on d'^M x R, a transversal W^{v) equals dM\{v~^} x {?;+} x R. Recall 
that, given two (small) transversals T, T' to the foliation included in the same 
chart of the foliation, a holonomy map is a homeomorphism from an open subset 
of T to T', which preserves the leaves of the foliation. Note that there are natural 
(global) holonomy maps between two such transversals, given by: 

u = {u~ , , s{u)) ((u) = {u~,w~^,s{u)). 

The foliation induces on the quotient M /T the foliation whose leaves 
are the strong unstable manifolds VF*" for For the latter foliation, the holon- 
omy maps are not defined globally. 

Finally, let us introduce useful families of distances. First, the family (dx)^^"^ 
of Gromov distances on the boundary is defined by: 

V($,r/) € d^M, 4(^,7?) =exp (-lPi{x,y) - ^/3„(a^,y) ) , 
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with y any point on the geodesic {^^r]). (Rigorously, they are known to be true 
distances if the curvature of M is less than or equal to —1 ||^; otherwise, one has 
to take convenient powers of the above quantities to obtain distances.) Using 
these distances, Hamenstadt defined on each horosphere a distance (1^+ 
by the formula: 

V(m,w) G = exp Q/3„+(a;,u) + ^/3„+(a;,u)^ 

where a:; £ M is any point (one easily checks that the above formula does not 
depend on x). Remark that these distances can also be defined on the strong 
stable horospheres H^{v). The following picture shows what they represent 
geometrically: if u,?; G dH+{u,v) = exp(±(i(a„, a„)/2) where a„ and 
are the respective intersection points of H~{u) and H~(v) with the geodesic 
w+) (the sign depends on the order of a„ and ay on (m+, v^)). 




dH+ (u, v) = exp(-d(a„, a„)) dH+ {u, v) = exp(d(a„, Uy)) 

Figure 3: Horospherical distance 

Two important properties of this family are that they are invariant by isometries: 

V7 G r, d^H+ iiu, jv) = dH+ {u, v), 
and that they "explode" when pushed by the flow: 

$*B+(u,r) = B+($*u,re*) 



2.2 Cocycles and measures associated to a Holder map 

A Holder potential is a map / : T^M R which is Holder w.r.t. the Sasaki 
metric D on T^M. For simplicity, we shall co nsid er for the moment only sym- 



metric potentials: f{v) = /(— w) (see section ^Jj for the general case), and we 
denote also by / its F-invariant lift on T^M. If x and y are points in M, we 
denote by /J / the integral of / on the unique (oriented) geodesic from x to y, 
viewed on T^M. If G M and ^ G dAI, we define the following cocycle: 



p{{x,y) 



,iT^/ /-/ f-" I f~l r 



8 



where (c(i))t>o is the geodesic ray [x,^). This function is well-defined, since 
when / is Holder, the difference between the two integrals converges. Moreover, 
it is F-invariant. It is a generaHsation of the Busemann cocycle, since when 
/ = 1, p^{x, y) = (3^{x, y). Moreover, it induces a cocycle on the strong unstable 

foliation W^" : if v and w are two vectors on the same strong unstable horosphere 
H^{v), this cocycle is defined by: p^{v,w) — p^_{v,w). 

Note that when f = 1, = 0. By F-invariance, one may also define this cocycle 
for the strong unstable foliation W*" on T^M; indeed, if v and w are on the 
same leaf of T^M, the quantity p^{v,w) is F-invariant, so it does not depend 
on the lifts v, w chosen on the same leaf of VV" . We can also define it directly 
on T^M by 

pf{v,w) = lim / / - / /■ 



t — > — oo 



Finally, if wejiioose an origin o G M, we can associate to / the following Holder 
cocycle on dM: 

Co (7,0 = (0,7^^0). 

Lemma 2.1 The cohomology class [cl]g-^ depends on f £ [/], but on Ti, the 
class [cI]h depends only on [/], and neither on o, nor on f £ [/]. 

The proof is an easy computation. We will see after the following proposition 
that there is another interesting cocycle on dM associated to /. 
To each Holder potential / on T^M is associated a unique equihbrium state , 
that is a probability measure on C T^M satisfying the variational principle 
(see for the construction, and to see that it is an equilibrium 

state). This measure is induced on the quotient T^M — T\ T^M by a measure 
rh^ on T^M. We will recall the two main steps of its construction. 



Proposition 5 (Ledrappier, [22|) There exists a (unique) probability mea- 
sure vl on A C DM , which has no atoms, and is ergodic and T -quasi-invariant 
with respect to the following cocycle: 

(7,6 ^'5//3?(o,7~'o)-p| (0,7-10). 

The constant is the topological pressure of f_^ Moreover the equivalence 
class [i'^] of vl and the cohomology class on dM of its Radon-Nikodym co- 
cycle S-^ pi^{o,j^^o) — p| (0,7-^0) depend only on the equivalence class [f], but 
neither on o nor on f. More precisely, if o' is another point, we have: 



Ve e A, 3^(0 - eM^^Pdo'.o) - p{{o',o)) 



And if f = f + c + X.(j), up to a multiplicative constant, we have: 

dvl 

with Vo,(^ the vector based at o pointing to 



VeeA, -^(e)-exp((/.(z;„,^)) 
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For simplicity, we will write l3^{o,j ^o) = 5^ (3^{o,^ ^6) — p^{o,j ^o). It is 
another cocycle on F x dM associated to /, the Radon-Nikodym cocycle of i^l . 
Notice also that (3^ = p^^-f, so that = [cl]n- 

Conversely, Ledrappier characterized the Holder cocycles which are the Radon 
Nikodym cocycles associated to a quasi-invariant measure: more precisely, he 
constructed a bijection between the equivalence classes of Holder potentials on 
T^M, the equivalence classes of quasi-invariant measures on A C dM with a 
Holder cocycle, and the cohomology classes on dM of normaHzed Holder cocy- 
cles. 

Recall that we assume for the moment that / is symmetric. The second step is: 

Proposition 6 The Radon measure fh^ on x R defined below is invariant 
by F and by the geodesic flow: 

dfh^ {v) = exp (o, -I- /3^_ (o, w)^ dvl{v~) dvl{v'^) ds. 

So it induces on the quotient a finite measure on T^M (normalized to be a 
probability) with support in the non-wandering set fi; the equilibrium state 
associated to f (see ^J/, JT^/ Moreover, this measure is mixing w.r.t the 
geodesic flow $, Finally, it depends only on the equivalence class [f] of f. 

The quasi-product structure of fh^ suggests to decompose it into two families 
of measures. First, the family {p^fj+)H+eH defined by: 

d-lJ'H+ {u)i^) = exp(/3f+(o,'y)) di^l{v+) , 

is a F-invariant family of measures on the leaves of the foliation, in the sense 
that 7*M;|if+ = pI^h^- 

Recall that a quasi-invariant transverse measure for a foliation is completely 
determined by its restriction to a family of transversals passing at all points. 
Then, we have: 

Proposition VJThe transverse measure to the foliation W*" defined on each 
transversal T — W'^{w) by: 

Vw G T, dp.^p{v) = exp(/3^_ (o,v)) dvl{v~) ds 

is invariant by F in the sense that 7»/iy = pl^^p. So it induces on T^M a 

transverse measure to W*" (still denoted by {p.^}), which is quasi-invariant by 
holonomy, with respect to the cocycle . 

The proof of Proposition 1' is straightforward. 

Remark: The above transverse measure {/x^} is constructed using the equilib- 
rium state of /. Thus we can make the analogy between our geometric situ- 
ation and the symboHc one. In the case of the full shift S = {1, k}'^ endowed 
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with the shift cr, the unique equiUbrium state m-* coincides with the unique Gibbs 
measure associated to /, that is the measure satisfying (t:m^ — exp(p-'') (see 
||2^), with ( a map from a cyHnder to another. Since a cyhnder can be 
considered as a transversal to the strong stable manifolds of a, the map ( can 
be viewed as a holonomy map. Thus Theorem || gives a similar result in the 
case of a manifold: the unique quasi-invariant transverse measure with respect 
to is "induced" by the unique equilibrium state m-^ , which can therefore be 
called a Gibbs measure. 

In our geometrical frame, Recall that there exists a nice set of leaves of the 
foliation: the set H ~ dM x R of horospheres. Better than working with 
the family of measures {/ir} defined above, we would like to obtain a unique 
measure on H. To do this, we need a holonomy invariant family of measures, 
or equivalently measures fir on transversals T = ^{w) which do not depend 
on r, i.e. on d"*". The only term in the expression of fir which is not invariant 
by holonomy is exp(— (o, d)) (when / is not a constant). So we divide the 
measures /iT by the density exp(— (o, w)), and we multiply the measures 
'Ph+u same density. Then we obtain new families of measures: 

dp^{v) = ds dvl(v~) exp (5^ l3^-{o,v)^ and 

These famihes are now quasi-invariant by F. More precisely, the measures on 
leaves satisfy: 

Vw e A2 X R, V7 G r, = exp(-c{(7, V-)), (1) 

Pushing by the flow leads to the property: 

Vwe A2 xR, VieR, * f ^^"'"^ (z;) ^ exp(^^^). (2) 

The family Jlfp is also quasi-invariant by F, with the opposite cocycle: (7, t;~ ) = 
;!)^_ (7~^o, o). But it is now invariant by holonomy, so it induces a measure pi 
on the quotient on the space H. of leaves. More precisely, we have: 

Lemma 2.2 The measure dp,l{^,s) = exp(—6^s)dsdi'l{£^) on H is supported 
on A X R, and T -quasi-invariant with respect to the cocycle cl- 

Remark that in the case of a constant potential, we did not change anything, 
these two families of measures are the same as in the beginning, and in partic- 
ular, the family (/i^) is at the same time F-invariant and invariant under the 
holonomy pseudogroup. 
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As the topological pressure satisfies S^'^'^ = 5^ + c, we can assume that > 0. 
It is simply a normalisation convention which allows us to assume that, when 
pushed by the flow with t > 0, the family of measures is expanded by 
a factor eyip{tS^). 

Let us now summarize the main properties of the above measures in a table. 



Measures and their support 


F-Quasi-Invariance 


Q-I by holonomy 


J^/ on A C dM 


exp(/3/) 




fi^j-i- on leaves of W"" 


Invariant 




on leaves H+ of W"" 


exp(-c^) 




flip on transversals to W"" 


Invariant 


exp(p-'') 


ftp on transversals to W"" 


exp(c;^) 


Invariant 


on A X R c H 


exp(c;5) 





3 Horospherical means, Proofs of Theorems @ and 
g bis 

The aim of this section is the proof of the unicity results of a quasi-invariant 
measure (Theorems || and § bis) . We use an intermediate result of equidistri- 
bution of horospherical means pushed by the flow $* when i — > oo thm 4] , 
that we recall below, and some properties of continuity of the measure of balls. 



proved in section |3.l| . A formula (section |3.2D allows in section ^ to prove 
theorem || bis. Theorem || is obtained as a corollary of the preceding. 
Finally, we give in section |3.4| an alternative method to prove Theorems |2| bis 
and ^ in a particular case. In fact, under the aditional assumption that the 
boundary of all horospherical balls has measure zero, we are able to prove di- 
rectly a uniform equidistribution property (Theorem ^ bis) , and to deduce easily 
Theorem H bis. (In the general case, recall that we will deduce in section ^ The- 
orem H from Theorem || bis.) 

Given a potential /, the mean Mr,u(V-') of a map t/j : T^M R on B^{u, r) is 
deflned by: 

Mr.ui^) = — — — / ^dfl^H+u' 

with ■0 the F-invariant lift of ip on T^AI. Notice that these means cannot be 
deflned directly on T^M, since the measure is not F-invariant. However, 

they are F-invariant, so we shall consider them as probability measures on T^M. 
For simplicity, we denote by M* „(?/') := $tMr,ti('0) the mean pushed by the 
flow. The geometrical property of the horospherical distances then implies the 
simple, but fundamental property that the mean of ^p o on a ball B^{u,r) 
equals the mean of on the bigger ball re*): 

Vii e T^M, Vr > 0, Vt e R, M;„(V) = M„t,$t„(V'). (3) 
Recall also that, from a general result in 13], we have: 
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Theorem 7 (Babillot, (|]) Assume that T is cocompact or convex-cocompact, 
and the geodesic flow is topologically mixing on its nonwandering set fl. For all 
u £ X R, for all r > 0, the mean M* converges weakly to when t — > +00. 

This result is a consequence of the mixing of the measure , which is estab- 
Hshed when the geodesic flow is topologically mixing. 

Notice that, after fixing a positive and continuous map ip '■ T^M R, we will 
often consider these means M* „ (ip) as functions of the variable u G x R. By 
F-invariance, we consider them either as functions on or A^ x R. 



3.1 Averaging on horospherical balls 

In this first section, we shall study the map 



_ £ 

d^ 



B+(u,r) 



H+- 



It is not continuous, b ut w e shall prove that it has a regularity property. The 
main result is Lemma 3.3. This paragraph is inspired from the sequence of 
"technical lemmas" of Roblin, paragraph IH. 

If u e T^M and v e H~{u), let us introduce the map P„,.„ : ^ H+{v) 

(see Figure 4 below), which sends w = {u^ , s{u)) G H^{u) to the in- 



tersection w' of the geodesic {v 



with H^{v). In other words. 



{v , w+j s(f )) G H^{v) (when it makes sense, i.e. when w+ 7^ 




Figure 4: The map Pu,v w ^ w' 



In the following, we prove some lemmas which express mainly three important 
properties; first, these maps Pu,v are uniformly close to the identity when v 
is close to u (Lemma 3.1). Second, all these measures 71^+ have a continuous 
(and positive) Radon-Nikodym derivative with respect to the measure vl on 
dM, which allows to compare the measures V-h+Iv) ^^"^ -^"'^J^H+juV ^^^^ 
equivalent with continuous Radon-Nikodym derivative (Lemma 3.2). Third, 
the fiow contracts the stable manifolds. All these properties are proved in some 
preliminary lemmas, and collected in Lemma 3.3, which will allow to prove 
Theorem bis. 



13 



To make the discussion more precise, we have to introduce neighborhoods, or 
"cells", in which we will let v vary: if u € T^M, and ri, r2, are three positive 
numbers, we note 

C(u,ri,r2,r3) = U|s|<r3$'' U„^gs-(„^r^) P^^y,{B+ {u,r2)). 




Figure 5: Cells 



If -0 is a positive Borel function on T^M, we set: 
V'e(w) = sup{^{v), V e U|s|<£$''i?~(ui, e)}, and 

^-siw) = inf{V'(w), V G U|5|<e$''B~(w,e)}. Then, if v4 C T^M is a Borel set, 
we have [lA]±e = iA±,, and for all e > 0, and t > 0, C <i>~*(Ae), and 

[<i>~*A]_e D This means simply that if t > 0, the flow $* contracts 

the stable manifolds, and expands the unstable manifolds. 

In the first lemma, we compare balls B^{u,r) and _B^(i;,r) when v £ H~{u). 



Lemma 3.1 (Roblin, ||2^]) Let K C T^M be a compact, and e > 0. There 
exists S > such that for all u ^ K , if v £ B^{u,S) and w G B^{u,3), 
then Pu.vW e ^''B^{'w,e), with \s\ < e, and if r e [1,2], B+{v,re^'') C 
Pu,v{B+iu,r)) C B+{v,re'). 

In other words, the map Pu,v '■ B'^iu, 3) H^{v) restricted to the ball B^{u, 3) 
in H^{u), is uniformly closed to the identity of 3) (up to exp(±e)) for 

the topology of uniform convergence on compact sets. 

Proof: The assumptions of the Lemma mean that if^ is small enough, the 
4-uple (u~, u^, w'*") varies in a compact set of d^M x d^M. One easily 
checks that the quantity s such that Pu.vW G ^'^H~{w) is the cross ratio 
B(v~ ,u~ ,u~^ ,w~^) = " d{v~ ,u^) + d{u~,w~^) — d{v~,w^) — d{u~,u^y' of the 
four points. Moreover, the cross ratio is a continuous map, which vanishes 
if u~ = v" (or u+ = ?«+). Thus if S is small enough, v~ is uniformly closed to 
u~ , which gives Pu,vW G ^'^H^{w). Moreover, an easy computation shows that 

dH+{Pu,vW,v) 



dH+{u,v) 



— e^l"^ , which concludes the proof. □ 
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Figure 6: Cross ratio of (w ,v ,u'^,w'^) 



The following lemma is a corollary of the above and of continuity of densities of 
measures on horospheres with respect to the measure vl on the boundary. 

Lemma 3.2 Let K C T^M he a compact, and e > 0. There exists 5 > 0, such 
that for all u € K, and v G B~{u,S), for all w £ 3) and w' = Pu,vW, the 

following quantity is uniformly close to 1 (up to exp(±e)/- 



d{Pu,v * fJ-H 



-(w') = exp (^pI^ {w, w') - (o, w') + (o, w)^ 



Proof: Recall first that /?^+ {w, w') — (o, w') + (o, w) — f3^+ {w, w') — 
p(^+{w,w') — p'^_{o,w') + p'^_{o,w). We have \(3^+{w,w')\ < e, after 3A.. We 



have also \p^^{w,w')\ < C{f) D{w,iju')"-^f\ because / is Holder, which gives 
the desired upper bound by |3.l| . Finally, the last term can be written as 
exp{A{Pu,vw) — A{w)), with A{w) = p^-{o,w), and the result follows from 
the continuity of A on T^M. Indeed, set — <i>^*u;, y £ the vector 

of W'''^{u) tangent to the geodesic (m~,o], and y* = As / is Holder, and 

the curvature is bounded above by a negative constant, there exists a T > 0, 

uniform on K, such that if i > T, A{'w) is e-closed to /J / — f . But for all 
fixed i > 0, this quantity is continuous, hence uniformly continuous in w e X. 
So A is continuous, and the result follows. □ 



We eventually arrive at the last lemma, which summarizes the main properties 

l^H+(u) 



of the measure u{r, . x on balls. 



Lemma 3.3 Let tp be a positive Borel function on T^M , e > (small), and 
K C T^M a compact set. There exists ri,r2,r3 > small enough, so that: for 
all u G K , for all v G C(u, ri, r2, rs), r G [1,2], we have: 

JB+{u,re-^) ^ ' JB+(v,r) ^ ' JB+{u,re^) ^ ' 
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Sketch of the proof: The proof follows closely that of Roblin, |Q, and goes 
as follows. Let e > 0, small enough so that re^^ < 26^^ < 3. Fix u G K, 
and V G C(u, ri, 7-2, rs). By definition of cells, we can write v — <i>'*U2, with 
|s| < r3, V2 G Pu,viB~^{u,r2) C H~^{vi) and vi G B~{u,ri). First, we push the 
ball B~^{v,r) by to the ball B^{v2,re~''), with s very small. By relations 
(||) and (||), the integrals of 4) on these balls are almost the same. Second, we 
move the ball B~^{v2, re~*) by the map Pu,li ■ Lem ma b.l l says that the image is 
uniformly close to the ball B~^{u,re~'^) and Lemma |3.2| says that the derivative 
of the measure is uniformly close to 1. Third, the image of by these 
operations is close to V'-e- The right inequality is proved in the same way. □ 



3.2 An autoadjonction property 

It is obvious that for a fiow ($*)teR on a compact space X, the equality 

— I ^ o $* dtdv — I il^dv 
X Jo Jx 

for all r > and any ^-invariant measure v allows to prove unique ergodicity 
if we know that all Birkhofi^ averages converge to a constant. 
In our situation, the following equality allows to do the same trick, replacing 
Birkhoff averages by horospherical means: we will use it to prove unique ergo- 
dicity, using a weaker property than equidistribution of horospherical means. 

Lemma 3.4 Let v he any fixed^quasi-invariant measure on Ti. with the cocycle 
cl, and M the measure on d'^M x R defined by dM(v) = dvi^H^) // 
V' a T -invariant positive measurable map on T^M, and D a measurable funda- 
mental domain for the action ofT on T^M , then: 

r r dn^ ( 

D Jd JB+{v,r) n'H+{v){B+{u,r)) 

Before we proceed to the proof, let us make a remark: if we knew that uniform 
equidistribution of horospherical means when r — > cx) holds, then, as in the 
case of a fiow, the above formula would allow to deduce the unique ergodicity 
result from the equidistribution property. In fact, we will use this approach in 
a particular case in section 3.4. 

Proof: By definition, dM = dV dp,^jj+ , and the left term can be rewritten: 



f + f f f ^d(u 

f dd{H+{u)) / d4l^^+{u) d4l^^ 

n J H+(u)xH+(u) UV, 



H+iu)xH+{u) ^l^jj+^^^^{B+{u,r)) 

The proof is then based on the fact that ^ is F- invariant, and v are F- 
quasi-invariant (resp. with cocycles —cl and +c^) and on two observations: first 
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'^B+{u,r)iv) is symmetric in u and v; second, B~^{u,r) — U^^zr B~^{u,r) DjD. 
If we set V = jv' and u = ju', we have: 'i-B+{u,r){v) = X^^er '^B+{u',r){'v')lDiv')- 
If we decompose the above integral into a sum over 7 G F, we find that it equals: 



We then use the various (quasi-)invariance relations by F; we remark also that 
J2-y 17-id("') — 1, and H^{u) — H^{v), and we get: 

./ , . lD{v)lB+(v,r){u)i^{v) 



f dD{H+{v)) f dfl^^^{v)dp^^^{u 

Jn J H+(v)xH+(v) 



This expression is the same than the first one, with the roles of u and v ex- 
changed. □ 



3.3 Proof of Theorems |2| and |2| bis 

We prove first Theorem |2| bis. 

Proof of Theorem |^ bis: Let [c]n be a cohomology class of Holder cocycles 
for the action of F on H. By assumption, this class contains a cocycle on dAI, 
so we can assume that c is this cocycle. In ||2^, Ledrappier showed that every 
Holder cocycle on dM is of the form c — Xf3^ , with F a Holder potential and 
A G R, whence c — Xp^ — p^^ ->-f ^ Finally, c can be written c = cl, with 
/ a Holder potential. 

Let P be a nonzero F-quasi- invariant measure with the cocycle c^, and M the 
measure on d'^M x R defined by: dM{v) — dd{H^ {v)) dp,^jj+{v). Let tp he & 
positive continuous map on T^M, and ip its lift on T^M . Lemma 3.4 gives: 

dM{u)M°^{ij) = / dM{v)^{v) / — . 

Jd JB+{v,r) p^fj^^^^iB+iu,r)) 

Since is a compact set, we can choose a relatively compact fundamental 
domain D for the action of F on x R, with M{dD) = fh^ (dD) = 0. 
We will prove that for all r > 0, the right term is smaller than est./ ipdM 
(inequality (Q)), and that there exists r > 0, such that the left term is greater 
than est'./ tpdm^, so that <^ M (inequality (^). The constants do not 
depend on ip, so that these two inequalities imply ^ M. 
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First, since F is cocompact or convex-cocompact, the following Vitali property 
is satisfied (see |Q, Proposition 6.3): there exists a uniform integer N on 
C = X R, such that for all u &C, and all r > 0, 

B+{u,r)^C ^yjtiB+{u,J-). (4) 

The integral on the ball B~^{u,r) is then smaller than the sum of N inte- 
grals on balls B~^{ui, 0. Moreover, triangular inequality gives i?+(u,r) Ci C D 
B+K, §) n C if G I). Hence 7I^+(„)(i?+(z;, r)) > 7I^+(„)(i?+(w„ §)), 

and finally. 



Vr > 0, Vu e X R, / , ■ ri^^u,^ ^ ^ 



We deduce that: 



Vr>0, / dM{v)^j{v) f '^H+{v)('^) r ^^^^ 

Jd JB+(v,r) ^i^^+^^^{B+{u,r)) Jt^m 

We shall now prove the following inequality: 

3r>0,3C>0, / dM{u)M^^{iP)>C I ipdm^. (6) 
Jd ' Jt^m 

Let < e < log 2 be small enough so that Jj,ij^ip-sdm-f > i Jr^^ tp dm-^ . We 
can cover by a finite number of cells C{ui), 1 < i < k, given by Lemma |3.3| 
for the above e. If w G C{ui), this Lemma gives for all t > 0, 

fi'^+{B+{ui,e^)) 

Moreover, Af*_e (V'-e) ^ /tim i^-edm^ when t ^ +oo (Theorem whence: 

3T > 0, Vu„ mJ_, „^(V'-e) > i / V-sdm^. 
We deduce that for all w G D (with e < log 2) : 

By F-invariance of the means, the above inequality is true for all t; G A^ x R. 
Now, if u G A^ X R, we know that MgT „(-0) = M'^^^^i'^P) and above inequality 
appHes with v ~ At last, we get 

r I {B^lw -]] 
M%M)dM{u)>c tpdm^, with c = — inf ^-fi^^ > Q. 
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Finally, integrating with respect to M on D leads to @ with C = M{D)c. 
This constant C does not depend on V', whence mf ^ M. We deduce from 
the above that Jil v. Indeed, let A C H be a Borel set, and assume that 
v{A) = 0. Let < c < C be two constants. If A is small enough, we can choose 
for all 7? S ^ a distinguished vector v G H, and a ray r chosen such that for all 
H eA,0<c< {B+{v, r) < C. Then 

ls+(i>,r) 5: Cv{A) = 0, whence 

J A Jh 

< cpliA) < [ d-fiiiH) [ lBnv,r) dpi+^ = 0. 
J A Jh 

If A is not small enough, we can write it as a countable union of smaller sets. 
So we proved /I^ ^ V. 

Let us now prove that /i^ is ergodic: let A C H be a Borel set such that for all 
7 G r, 'lll{'-fAAA) — 0, and ^1{A) > 0. Then the measure is nonzero and 

quasi-invariant with cocycle — c^. By what precedes, it satisfies 'fil ^ J^i\A' ^^"^ 
this impHes Jil{A'^) = 0. So we have ergodicity. 

Now let be a nonzero and quasi-invariant measure with cocycle cl and let us 
show that it is also ergodic: if A is a Borel set in H, F-invariant 9-a.e, and if 
v{A) > 0, we can decompose the measure z7 into u — + v^^c. By the above, 
there exist measurable maps and cf)' such that /i^ = — (I)v\a + (f)u\Ac and 
'fil = (j)'i^\A- We deduce that /i^(yl^) = 0, and then necessarily that v^^c = 0, 
which means that P is ergodic. 

Moreover, the Radon-Nikodym derivative is F-invariant i/-a.e, hence con- 
stant by ergodicity of V. So there exists a unique (up to a multipHcative con- 
stant) measure which is F-quasi-invariant with cocycle c^. 

Recal]_now that we consider the cohomology class on H of the Holder cocycle c 
on dM. Let c' € [c]t-c ~ [cl]'H- There exists a positive Borel map (p on H, such 
that for all 7 G r and (C, s) G c'(7, (C, s)) = 0^(7, + vilit «)) - ipi^, s). If 
P' is a Borel Radon measure on H, which is F-quasi-invariant with the cocycle 
c' then an easy calculation shows that exp(— is quasi-invariant with the 
cocycle cl, it is then unique (up to a constant), and equals Jll, so V is also 
unique, and equals exp(<p)yu^. □ 



Proof of Theorem ^: It is clear that there exists a bijection between measures 
transverse to the strong unstable foliation on T^M, which are quasi-invariant 
with_^the cocycle , and measures transverse to the strong unstable foHation on 
T^M, which are F-invariant and quasi-invariant by holonomy with cocycle . 
Let us consider the map: Mt — > Nt, which sends a F-invariant transverse 
measure, quasi- invariant by holonomy with cocycle p-^ , to the measure dNriv) = 
exp{p-^_{o,v)) dMriv). It is clearly a bijection. An easy computation shows 
that Nt is a measure transverse to J- which is holonomy invariant and F-quasi- 
invariant with cocycle c^. We can associate to Nt a F-quasi invariant measure 
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on Ti (with cocycle c{), and this correspondance is 1-1. The existence of a 
unique quasi-invariant measure on Ti with cocycle cl is then equivalent to the 
existence of a unique measure transverse to with the cocycle . 
Theorem ^ then follows from Theorem |^ bis. □ 



3.4 Equidistribution of means in a particular case 

Lemma means that the map {u,r) Ib+{u r)"^ ^^^H+ ^® "almost continu- 
ous". In this section, we shall see that under an additional assumption, it is 
really continuous, so that we can prove Theorem ^ directly, and deduce Theorem 
H bis as a corollary. The assumption is the following: 

Vm e X R, {dB+{u, 1)) = 0. 

Note that it is true in the constant curvature case, and in the case of a surface, 
since the Patterson measure has no atoms. 

With this assumption, we can prove that the means (Mf „(i/)))t>o are equicon- 
tinuous in u e X R. We deduce that the convergence in Theorem [t] is uniform 
in M £ A^ X R, and at last, relation (||) leads directly to the uniform convergence 
of the means Mr{u) to /^i^^ ip dm^ when r ^ oo. 

Note that these two arguments of equidistribution of the means when t — > -t-oo, 
and equicontinuity in i > were already used in ||l^ in an algebraic framework. 
Under the above assumption. Lemma leads to: 

Lemma 3.5 If for allu G A^xR, fi^^^{dB+{u, 1)) = 0, then for allu e A^xR, 
the family (Mf ,j(-(/'))t>o is equicontinuous in t >0. 

Sketch of the proof: Let Eq > 0, we shall find for all u G A^ x R a 
neighbourhood V — V{u,£o) of u, such that for all v ^ V, for all t > 0, 

\Ml,i^p)-Ml^m<eo. 

Since Ji^^^{dB~^ [u, 1)) = 0, there exists a < e < Eq, such that : 



7I^+(i?+Ke-)) 



/I^+(B+(w,e--)) 



< e"^". (7) 



Since i/' is continuous on fi, one may choose e small enough so that i/i^ < -(A + ^o- 
We put then V{u,e) = C (m, r i, r2, rs): the cell given by Lemma 3.3 for e. Now, 
relation (|^) and Lemma [s!^ , together with the fact that o < ^/^^ o $* 
(since the geodesic fiow expands unstable manifolds) allow to prove that for all 

V e V{u, e), and for all t > 0, \Ml^{iP) - Ml^{iP)\ < eq. □ 

With this Lemma, we can now prove the following equidistribution result for 
the horospherical means: 

Theorem H bis: Assume that for all u e T^M fif^^{dB+{u, 1)) = 0, then for 
all continuous map ip : T^M — > R, the means AIr^u{4') converge uniformly in 
u e A^ X R io Jrpijyj Tp dm^ . 
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Proof: We consider now the means as functions on T^M. By the above Lemma, 
for all u G X R, the means „)t>o are equicontinuous, whence (Theorem 
0) it is easy to prove that they converge uniformly on fl to Jrpij^^dm^ when 
t — > +CX3. Let e > 0, there exists a T > 0, such that: 



< e. 



Let now v € ft he a vector, and t >T; as fl is invariant by the flow, the above 
inequality applies for u = <i>~*u and above relation (0) gives the desired result: 



ijj dm^ 



< e. 



□ 



We can now easily deduce Theorem ||bis from this result: 



Sketch of the proof: We use the equality of Lemma |3.4| . By the uniform 
equidistribution property of means, the left term converges to M{D) /j^i^j V' dm^ , 
and the right term is smaller than N fj,ij^.jipdM. Then we have directly 
<C M, and we conclude the proof as in the general case. □ 



4 Growth of leaves of the horospherical fohation, 
equidistribution of horospheres 

The aim of this section is to prove Theorem ^. In fact, using Theorem || bis, we 
shall prove a more general result of equidistribution of sets on leaves satisfying a 
certain condition of growth, denoted by (*) (Theorem^). We deduce Theorem 
|as a corollary, since the horospherical balls have a polynomial growth (Lemma 



4.2), whence they satisfy (*) (Lemma 4.1) 



This paragraph is inspired by Plante |^^, and Goodman-Plante ||l^. These two 
references deflne a notion of "averaging sets" for the foliation, i.e. sequences of 
sets on transversals to the foliation, deflned so that they become equidistribued 
to a holonomy invariant measure. The idea here is to introduce an analogous 
notion to obtain equidistribution to the holonomy quasi-invariant measure {^^}. 
But it is more appropriate to work with the holonomy invariant measure {fl^} 
on transversals to W*". The deflnition of an averaging set in |Q involves the 
holonomy pseudogroup of the foliation. In our case, this pseudogroup is trivial 
on W*". Moreover, the above transverse measure is F-quasi- invariant, so we 
will introduce a condition deahng with F. 

Let us now flx a sequence (i?n)neN of compact sets of a horosphere H~^. If they 
satisfy the condition (*) described below, then we shall prove (Theorem ||) that 
the means on the En w.r.t. the measure p.^^^^ become equidistribued to m-^ . 
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Let D be any proper fundamental domain for the action of F on T^M, that is an 

o 

open set D, such that D =D, U^^rjD = T^M, and the (7_D)^gr are pairwise 
disjoint. For fixed n £ N, we distinguish three types of elements 7 £ F: 

1- First, the set F^(_D) of elements 7 such that En "crosses completely" ^D, i.e. 

EnH-fD = H+{u)n-fD; 

2- Second, the set T^iD) of elements 7 such that En crosses partly 7-D, or again 

%^ Enr\-iD H+{u)njD 

3- Third, the set F^ (D) of elements 7 such that -fD n En = 0. 

Compacity of the En implies finiteness of the sets r^(D) and Tn{D). 
Condition (*) is then the following: there exists a fundamental domain D, such 
that, with the above notations: 

In other words, we can forget the "boundary terms" F^.Z?: only the images 7Z) 
of D completely crossed by En must be taken into account. 
We can now state the following: 

Theorem 8 Let (ii^„)„gN be a sequence of compact sets on the horosphere 
H~^{u), with u G X R and UEn = H^(u). If the sequence iEn)ne'N sat- 
isfy {*), then the sequence 

1 _f 
dMn{w) = — 1b„(w) dfi-^jj+{w) 

converges weakly to when n +00. 

We will prove this result at the end of this section. Let us first apply it to 
sequences of balls B~^{u, r), when r — > 00. We shall first prove that balls satisfy 
(*), and thus get the equidistribution result stated in the introduction (Theorem 
^ as an immediate corollary of Theorem ||. 

Lemma 4.1 The sequence of balls B^{u,r) satisfies (*). 

As a straightforward corollary. Theorem |^ is proved by the two above results. 

Proof: Let D be any fundamental domain. By compacity of D, we can find 
a constant tq > 0, such that for all v d D, B~^{v,ro) n D = H^{v) fl D. 
Now if ^ B^{u,r) n 7-D ^ H^(u) n jD, then triangular inequality gives 
B^{u,r + ro) fl 7!? = H^{u) D 7D. Moreover, the same argument gives also 
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B+{u,r - ro) n 7D = 0. This proves that B+{u,r) n T^D C B+{u, 
B^{u,r — ro). By Lemma 4.2, it is easy to prove that 



r + ro) \ 



lim — f 

r — *+oo r,J 



□ 



Lemma 4.2 For all fixed u £ T^M, r)) = 0(r2'5^+4|l/IU), 

Proof: If we consider instead of u, we can assume that the origin o is 

in the interior of the horoball defined by m~ and u, or again (o, u) < 0. As 
vl{dM) — 1, and by definition of the measure we have 

P-H+M^B+iu^r)) < sup (exp((5-''/3„+(o,i;) -p^+(o,i;) -p^_(o,t;))) . 

v£B+(u,r) ^ ' 

Let us first find an upper bound for the quantity (o, f ) (o, w) | . Since the 
curvature of M is negative, we can find a triangle (a, 6, c) such that a e [o, 
6 G [o, ?;~), c G which satisfies: d{o,a) = d{o,b), (3^+{a,c) — and 

Py-{b,c) = 0, and also d{a,b) < 6, d{a,c) < S, d{b,c) < 5, with 5 a constant 
which depends only on the upper bound of the sectional curvature of M . Now, 
as / is Holder, with exponent ot{f), we can easily check that: 

\pU ^) + ^)l < 2II/II00 a) + ,5). 

Moreover, rf(o, a) ~ d{o,c) ~ d{o,{v^ ,v\) < d{o,v), as o is in the interior of 
the horoball defined by v and v" . For the same reason, and by convexity of 
horoballs, the angle at v between [o,v] and [v,v^) is greater than it/2, whence 
d{o,v) ~ /3„+(o, w). We deduce 

n^HHu)^B+{u,r))<Cst. sup exp((<5^ + 2||/||oo) (o, «))• 

^ ' B+(u,r) 

As the Busemann cocycle is continuous, there exists a > 0, such that do{u^ ,v^) < 
Q implies |/3„+(o, d)| < /3„+ (o, tt)+l. Moreover, by definition of , if do(M+, t^^) > 
a, we have the following bound: 

exp(i/3t,+ (o,i;)) < -dH+{u,v) exp(-/3„+ (o, 'u)/2) < C{u).r, 
2 a 

and at last, if v E B^{u,r), we have: 

All these inequalities give the desired comparison (if u is fixed) . □ 
Let us now prove Theorem ^: 
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Proof of Theorem It is enough to show convergence of means for small 
Borel sets B C D C T^M which can be written on the form B = T x b in a. 
chart of the foliation, with T a transversal to W^j^and b a "piece" of leaf Lift 
such a Borel set B into = 2o x 60 C D, and set B — U^gr7^o- We can write 
again the means on the following form: 

+ Rin,fo), 

dv^ {v) [ 1^ (w) dfl^^+ (w) + R{n, To) with 

To " Jh+(v) 

and the rest R{n, Tq) corresponds to the 7 G F such that £"„ crosses only partly 
the box jBq; so it is bounded by: 

t^H+ y-^n) 7er2 

The sequence (M„) of probabilities is defined on the compact set ft, so it has 
limit points for the weak topology, and after the above computation, for any 
fixed transversal T, these limit points are in correspondance 1 — 1 with those of 
the sequence (I'x)- 

Let M be a limit point of measures M„; if we consider a subsequence, we can 
assume that the M„ converge to M, and the measures also converge to a 
measure vt- This family of measures is invariant by holonomy; indeed, if we 
consider two small transversals T and T' to the foliation, such that B = T x b = 
T' X 6 in a chart of the foliation, then 

MiB) = lim / di^^iv) I 

n^cojj. Jh+{v) " 



lim / dvJ^,{v) / {w)d^.^jj+{w) 

JH+(v) 



which gives invariance by holonomy of the limit measures. This family of mea- 
sures is F-quasi- invariant; indeed, if g G F, it is easy to compute that: 

= exp{pl_{g-^o,o))dv^{v) = exp{cl{g,v~)) diyJ^-iv). 
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At last, we proved that a limit point M of M„ induces a transverse measure 
invariant by holonomy and quasi-invariant by F with cocycle c^, whence (The- 
orem ||) it equals the transverse measure (/i^)T induced by ; this shows that 
the sequence M„ becomes equidistributed to . □ 



5 Application to coverings 

5.1 Nonsymmetric potential 

If / is not symmetric, we set f{v) — /(— w), and we look again at the product 
measure vl x ul on d'^M. We are still in the case when 8^ < +cx), and we have 
Sf = (see 1^). The equilibrium state is still constructed by means of this 
product, but the density is slightly different |Q: 

dfh^ {v^ , v+ , s) ^ dsdvl{v^)dvl{v^) exp (o, d) + /3f_ (o, w)^ . 

The measures of paragraph |2.2| can then be written: 

d'jil{^,s) = ds dvl{v~') exp(— J-'^s), and 

^H+n(^) =dvi{v+) exp(/3f+ (o, w) -p^_(o,w)). 
And the relations of F-quasi-invariance become: 

^^^^(e,.)=exp(c/(7,0), and 52l^^^W (,) = exp(-p{_ (7-^0, «)) 

All proofs apply in the same way, since they are based on the Holder continuity 
of / and geometry of M, whence Theorems || and || bis are still true. 

5.2 Proof of Theorem ^ 

The above paragraph applies in particular to the case of a closed 1-form a on 
M. Indeed, a 1-form on M is a smooth map from M into T*M which to each 
X G M associates a linear form ax on T^M. In particular, it is a map from 
TAl into R, that we can restrict to T^M. For all x £ M, linearity of 
gives antisymmetry of a: a{—v) ~ —a{v). Moreover, as a is closed, we have 
Pfi'^^y) = = -Pti^^y)^ whence (cf §): 

dm°'{v-,v+,s) = dsdv'^{v+)dv^{v-) exp (^"/3„- (o, w) (o, 1;)) . 

The measure /I" can be written: d'jl'^{u^ ,s) = dsdv'^{v^) exp(— (5"s). Moreover, 
since a is closed, we have 0^(7,^) — p^{'-f^^o,o) — ~ a, whence: 



25 



Remark that 7, ^/I" is a multiple of /t" and does not depend on o: the cocycle 
does not depend on ^ and o, but only on 7, and the measure on dM is in- 
dependent on o too. So we will omit the subscript o for these measures /i" et u"'. 

Let us recall some notions: the first singular homology group Hi{M,Z) over 
Z can be identified to the abelianization r/[r,r] of the fundamental group. 
The first real homology group Hi (M, R) is the R- vector space generated by 
Hi{M, Z) except the torsion elements: ffi(M,R) = Hi{M, Z) (g)z R. The first 
de Rham cohomology group H^j^{M) is the set of closed 1-forms modulo exact 
forms. Moreover, the de Rham isomorphism (see [Q) allows to identify the 
dual of ffi(M, R) with H\j^{M). This identification is induced by the map: 

77i(M,R) xiji«(Af) -> R 

(7, a) la. 

We denote by a the integral of any representant of a. on any loop of M 
belonging to the homology class of 7. In particular, it is the integral of a. on 
the unique closed geodesic in the homotopy classof 7, and it is also the integral 
/J°q;, since by definition of the action of F on M, the curve [0,70] projects on 
a loop in the class 7. 

Theorem ^ bis allows to determine the measures on 7i, which are invariant by 
a normal subgroup F of F, and quasi-invariant by F. In other words, if M is a 
regular cover of M, with fundamental group F, we can determine the invariant 
measures on the space of horospheres of M, which are quasi- invariant by the 
group F/F of the cover. If a is a closed 1-form which vanishes on the image 
of F in H\ (M, R) , formula (^) above shows that the measure /I" induced by 
the Gibbs measure to" is in particular invariant by F. Theorem ^establishes 
the converse statement under the additional assumption: if v is F-invariant, 
F-ergodic, and quasi-invariant by F, then it is necessarily of the form d = fl" , 
with a a 1-form on M vanishing on loops of F. 

Proof of Theorem |^: The first part of the Proposition was proved above. 
The group F is normal in F, so the action of an element a G A = F/F on 9 
makes sense: indeed, we can write a — 7aF = F7a, and F-invariance of V shows 
that if 7a £ F, the measure Ja^*''^ oi^ly depends on a G A. It shows also that 
for all a £ A, the measure a~^t' is also F-invariant. The derivative is 
then a F-invariant map P-a.e, and by ergodicity of v, it is constant. So for all 
a £ A, there exists a constant A(a) > 0, such that a~^i/ = A(a)P. The map 
A is clearly a morphism of groups from A into R!^, and when composed with 
the quotient morphism F — > A, it defines a homomorphism, still denoted by A, 
from F to R!^. Moreover, as R!^. is abelian, A induces a morphism defined on 
the abelianization F/[F,F] = Hi{M, Z). We can then extend it by R-linearity 
into the exponential of a linear form on ifi(M, R). The de Rham isomorphism 
between i?i(M, R) and H\^{M) allows to see log A as an element of iJj^(M); so 
let —a be a closed 1-form in its class; for all loop 0(7) in the homology class of 7, 
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A(7) = exp(-/^(^^a). In particular, A(7) = exp(- /^j^^^^j a) = exp(-/J°a). 
Moreover, a closed 1-form a is in particular a Holder map on the unit tangent 
bundle T^M, hence we have: for all 7 G F, 7^^P = exp(— /J° a) V. Then 
Theorem || bis applies, and v is necessarily equal to /i". □ 
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